Gas-solid flows are commonly found in nature, as well as in industries. In such flows the size of the solid particles generally is not uniform. In addition, usually there is heat transfer between solid particles and gas flows. The hydrodynamics and heat transfer both make the behavior of gas-solid flows extremely complicated. In order to reveal these effects, in this paper three cases: (1) two isothermal, (2) two hot and (3) two cold spherical particles with various size ratios are investigated using lattice Boltzmann method-immersed boundary (LB-IB). It is observed that, for the first time, the tumbling duration of both two hot particles and two cold particles settling in vertical channel, is prolonged with size ratio increasing. The differences of threshold size ratio among the three cases are significant and the threshold size ratio of two hot particles is the largest one. Especially, it is found that heat transfer affects critically the interaction of two hot particles with low size ratios. In addition, against particle size ratio increasing, heat transfer effects on the interaction between two non-identical particles become weak.
Introduction
Sedimentation of solid particles in a viscous fluid exists in many natural and biological situations as well as in industrial applications, such as sand deposition in rivers, drug delivery in blood flows, particle fluidization in fluidized bed reactors.
Over the past decades, the sedimentation of particles with/without heat transfer has been studied extensively using various numerical and experimental methods. Fortes et al. [1] firstly investigated the sedimenting behavior of isothermal spherical particles.
An important phenomenon called as "drafting, kissing and tumbling" (DKT) was found for the first time. Feng et al. [2] investigated particle-fluid, particle-wall and particle-particle interaction during the sedimentation of two isothermal particles. They demonstrated that interaction mechanism for particulate flow was associated with lubrication, long bodies, and wakes. Gan et al. [3] investigated the effects of heat transfer on the behaviors of double circular particles during sedimentation. They found that cold particles would tend to repel each other while hot particles attract.
Zahra Hashemi et al. [4] investigated sedimenting behavior of 30 hot particles under gravity in a newtonian fluid. Hydraulic and thermal convection interactions between particles and surrounding fluid were revealed. Effects of particle deformation and particle-fluid heat transfer on particle-particle interactions were studied by Henrik Ström et al. [5] . Cao et al. [6] comprehensively studied the effects of initial particle position arrangement on sedimentation of two isothermal particles. They identified three interaction regimes (repulsion, attraction and transition regime) between two settling particles based on initial configurations. They also investigated the effects of heat transfer on sedimentation of two cold particles in each above regime [7] .
However, attentions given to the effects of size difference between sedimenting particles on the particulate flows were limited. Johnson et al. [7] investigated the behaviors of 101 spheres with random sizes falling in a liquid-filled tube. The simulation for interaction dynamics of two spheres in a finite fluid-filled rotating cylinder was reported in Mukundakrishnan et al. [9] . They compared the behaviors of two non-identical particles with those of identical particles. For two non-identical particles, the smaller particle could execute a spiralling motion while the larger was in near-circular orbital motion. Shao et al. [10] simulated the interactions between two circular particles with different sizes sedimenting in a two-dimensional channel. Their results demonstrated that only for small diameter ratio, the two particles would undergo repeated DKT process. The interaction effects on motion of the small particle were stronger than that of the large particle. Wang et al. [11] studied the size effects on the DKT phenomenon of two non-identical particles sedimenting in a two-dimensional infinite channel. The influences of initial position distribution and diameter ratio on the behaviors of the two particles were investigated. They found that two particles with different sizes were easier to separate than two identical ones.
Recently, Liao et al. [12] numerically investigated the hydrodynamic interactions of two spheres with different sizes and initial configurations using lattice Boltzmann method-immersed boundary method (LB-IB). When a regular sphere was placed below the larger one, the duration of kissing decreased against increasing diameter ratio. While the regular sphere was placed above the larger one, the duration of the kissing increased with increasing diameter ratio. They also investigated the threshold diameter ratio of two isothermal particles when the regular sphere was placed above the larger one. They found that there was no DKT interaction beyond the threshold diameter ratio. However, all studies mentioned above were limited to the sedimentation of non-identical particles without considering heat transfer between particle and fluid.
In order to reveal the combination effects of heat transfer and non-identical size of particles, in this paper, size ratio effects on the dynamic behaviors of two non-isothermal spheres are simulated for the first time. In order to provide a clear comparison, their isothermal counterpart is investigated, too. The threshold diameter ratio of two non-isothermal particles is also studied firstly. The rest of this paper is organized as follows. Section 2 gives a brief introduction for numerical method used here. The code is validated in Section 3. Further, the size effects on the hydrodynamic interactions of two non-isothermal spheres are investigated in Section 4. Finally, some concluding remarks are listed in Section 5.
Numerical method
Over the years, the lattice Boltzmann method (LBM) has been developed to an alternative and efficient tool for simulating particulate flow due to its capability of treating moving boundary [13] - [16] . As a discrete form of Boltzmann equation, lattice Boltzmann equation can recover to Navier-Stokes (N-S) equations using multi-scaling analysis. Here we will employ D3Q19 LB model to solve both flow and temperature field.
The evolution equations for flow and temperature field with external terms are formulated as
where fi, Ti are distribution functions for flow and temperature field respectively, and (4) ωi is weighting coefficient and for D3Q19 model is defined as
Using forcing scheme proposed by Guo et al. [17] , Fi and Qi are defined by
where F= Fb+FT is the total force acting on the fluid node, τf, τT are relaxation times for flow and temperature field respectively. FT can be obtained using Boussinesq
where ρ 0 , T 0 are reference density and reference temperature respectively, g is the gravity constant, and β is the thermal expansion coefficient, which is defined by 2 3 .
where ∆T=Ts-Tf0 is temperature difference between solid particle and fluid, D is the diameter of solid particle, and υ is the kinematic viscosity coefficient. The Prandtl number Pr=υ/α is related to relaxation times τf, τT by τf=3υ/(dx*c)+0.5 and τT=3α/(dx*c)+0.5, where α is the thermal diffusion coefficient.
The macroscopic variables can be calculated as
Macroscopic governing equations can be recovered from the lattice Boltzmann equations using Chapman-Enskog analysis as following：
A direct-forcing method with sharp interface scheme proposed by Kang et al.
[18]- [19] is applied to solve particle boundary for both flow and temperature field because of its sufficient precision and simply implementing. We firstly combine the original two-dimensional direct-forcing method proposed by Kang et al. [18] - [19] with the three-dimensional interpolation scheme proposed by Kim et al. [20] . Trilinear interpolation is applied as (14) where Ub is the particle velocity at node P1, ∆x, ∆y, ∆z are distance components between nodes P1 and O in x-, y-and z-direction. uA-G indicate the fluid velocity at nodes A-G. (b) P2 locates on plane OABC, and bilinear interpolation is applied as (15) Note that the boundary node P2 may locate on other adjacent planes OAFG, OCDG and thus three situations must be considered in applications. (16) where ∆ indicates distance CP3 and ' C indicates the node obtained by advancing node C a lattice in OC direction.
The force density Fb acting on forcing node O is calculated by (17) where uo, ρ indicate the desired fluid velocity and density at forcing node O respectively (namely ρ=∑fi, u=1/ρ∑fici). Note that the same strategy is used to obtain the source in solid points for energy equation, such as energy forcing term Q.
Newtonian dynamic equations are solved to obtain the motion of particles as following:
where Mi, Ii are mass and inertial tensor of the ith particle, Ui, Ωi are velocity and angle velocity of the ith particle, and Fi, Tpi are total force and torque implemented on the ith particle. When two solid particles come into close contact with each other, a lubrication force is introduced. As pointed out by Kromkamp et al. [21] , this force is caused by the attenuation of the fluid film in the gap between the two particles and is repulsive upon approach and attractive upon separation of the particles. The lubrication force for 3D systems is calculated as [22] (20) where η is the average viscosity of fluid, U12 is the velocity of particle 2 relative to particle 1, 12 R is the unit vector from the center of particle 1 toward particle 2. For a 3D system, the cut-off distance hc between the particle surfaces was chosen to be 1.1 lattice units. r1, r2 are radiuses of the two particles. According to Ref. [22] , this model leads to more accurate results for particle interactions at short inter-particle distances without causing instabilities in the particle dynamics. Note that the lubrication force model avoids the physical contact between two particles by implementing a strong repulse force on the two particles.
In practical applications, following steps are executed: 1) Initialize the velocity and temperature field, and the positions of solid particles.
2) Calculate the fluid velocity u and density ρ by Eq. 10 without forcing term.
3) Calculate the boundary force density Fb by Equations 14-17, and update u and ρ by Eq. 10.
4) Execute the evolution step using Eq. 1.
5) Execute the same steps 2-4 for temperature field.
6) Calculate the total force and torque on particles and update the positions and velocities of particles.
Numerical validation
The reliability of our numerical code to treat particle-particle interaction has been validated in our previous work [6] . So in this section, we only validate the heat transfer part of our code.
The case studied by Dan and Wachs [23] and Hashemi et al. [4] is used here as a benchmark test to validate the capability of our code for simulating thermal sphere particles settling in channel. Three cases are considered: one cold particle (Gr=-100), one isothermal particle (Gr=0) and one hot particle (Gr=100). Most simulation parameters are set the same as those in Ref. [23] and Ref. [4] . Except that the fluid temperature is set to 0 and particle temperatures are set to -1, 0 and 1 respectively in the above three cases, which is based on the dimensionless criteria. Fig. 2 describes the variations of dimensionless particle terminal velocity with Re at various Gr. Here the terminal velocity is normalized by the reference velocity
where R is the radius of settling particle, ρr is the density ratio between particle and fluid and g is gravity constant. As Re<100, the terminal velocity of cold particle is larger than that of isothermal particle and that of hot particle. While as Re≥100, for the three cases the terminal velocities are nearly consistent. These phenomena stem from the competition between buoyant force and inertia force. 
Results and discussion
In this section, size effects on the sedimentation of two isothermal and nonisothermal spherical particles in a semi-infinite channel are investigated. . The Grashof numbers Gr is fixed to 1000 and Prandtl number Pr is fixed to 1.0. We fix one particle diameter to D0 and adjust diameter ratio α to obtain another particle diameter Da by Da=α*D0. Here the adjustable-size particle is placed above the regular one unless otherwise specified. The two particles are initially located on the plane Y = 2.0D0, which is referred as principal plane here and hereafter.
At lattice time t=0, the two particles start to accelerate under gravity. During the simulation, we apply a shifting method [24] to solve infinite length in settling direction. When particles settle down 10 lattices in settling direction, the top 10 layers of lattice are abandoned and 10 layers of lattice initialized by initial condition are added to channel bottom. 
Sedimentation of two isothermal particles with different sizes
In this subsection, the size effects on the sedimentation of two isothermal particles are investigated. We find that larger size ratio produces longer duration of tumbling process. We take two ratios (α=0.7 and α=1.0) as the examples to illustrate it.
Variations of dimensionless spacing (L/D) of two isothermal particles at α=0.7 and at α=1.0 are shown in Fig. 4(a) . With increasing size ratio, kissing occurs earlier and tumbling duration is prolonged. The observation is consistent with that reported in Ref. [12] . When α=0.7, the smaller particle settles slowly than the larger one and thus distance between the two particles is increased before drafting. Fig. 4(b) depicts variations of vertical velocities of two isothermal particles at α=0.7 and α=1.0. Here and hereafter, P1, P2 indicate the trailing (upper) particle and the leading (lower) one respectively. In our simulations, the two particles move only on the X-Z plane due to symmetry. When α=0.7, P1 settles slowly and spends more time to catch up with P2 than their α=1.0 counterpart. At the kissing instant P1 has a larger settling velocity at α=0.7 than at α=1.0. For α=1.0, two isothermal particles experience much stronger lubrication force during tumbling stage than their α=0.7 counterparts. When α=1.0, in separating stage, P2 undergoes strong repulsion force and obtains a small velocity.
Subsequently P2 accelerates and P1 decelerates, which leads to the distance decreasing process shown in Fig. 4(a) . These phenomena are very different from their α=0.7 counterparts. Fig. 4(c) depicts the variations of horizontal velocities of two isothermal particles at α=0.7 and at α=1.0, respectively. In separating stage two particles firstly accelerate to two side walls, respectively, and then decelerate due to wall effects [2] . For α=1.0, the acceleration time of P2 is prolonged and the wall effects on P2 are much stronger than their α=0.7 counterparts. 
Sedimentation of two cold particles with different sizes
In this subsection, size effects on the sedimentation of two cold particles are investigated. We take the same ratios (α=0.7 and α=1.0) as the examples for this investigation. Fig. 5(a) depicts the DKT processes between two cold particles at α=0.7 and α=1.0. One can see that the duration of tumbling increases with particle size ratio α. This result is consistent with their isothermal particles discussed above. Moreover their kissing process occurs earlier and separating instant is postponed. When α=0.7, after separating stage distance between the two cold particles increases sharply. Consequently distance between the two cold particles at α=1.0 is reduced, as shown in Fig. 5(a) . Fig. 5(c) shows variations of the X-direction velocity of two cold particles at α=0.7 and at α=1.0. lattice time t=7000 at α=0.7. As shown in Fig. 6 , the small particle (P1) is completely sucked into a low pressure area with cold, downward stream, which will induce particle acceleration. Consequently the small particle (P1) settles fast than the larger one (P2) and subsequently separating process happens, as shown in Fig. 5(a) and (b) . The variations of drag coefficient, Cd=Fw/(0.5*Uw*Uw*D), are depicted in Fig. 7 , where Fw, Uw are resistances on particles and particle velocities in settling direction (Z-direction), respectively. For α=0.7, before separating stage drag coefficient of P1 is lower than P2. In addition, when lubrication force becomes dominant, fluctuations happen. After separating stage their drag coefficient curves are nearly identical and the fluctuations are very weak.
The two curves at α=1.0 are somewhat similar to their corresponding settling velocity curves shown in Fig. 5(b) . Variations of Nusselt numbers Nu of two cold particles with time at α=0.7 and at α=1.0 are plotted in Fig. 8 . For α=0.7, during initial sedimentation P1 settles slowly and thus its Nu is smaller than P2. Subsequently in drafting stage it decreases again and at the kissing instant it reaches its minimum.
During tumbling stage it increases because the relative position between the two cold particles alters from vertical arrangement to inclined arrangement. After tumbling process P1 is not influenced by the wake of P2, and thus the two cold particles both obtain a constant Nu value. For α=1.0, the two Nu curves are almost same before t=2000. In drafting and kissing stage the P1's Nu decreases and P2's Nu increases. In separating stage and hereafter both two Nu values obtain a steady state. 
Sedimentation of two hot particles with different sizes
In this subsection, size effects on the sedimentation of two hot particles are investigated. Two cases with α=0.7 and α=1.0 are chosen to illustrate the particle behaviors. Fig. 9 depicts comparisons of distance and velocities of two hot particles in the two cases. With the increasing of size ratio, kissing process occurs earlier and tumbling duration is prolonged. As shown in Fig. 9 (b) , for α=1.0 P1 settles faster and experiences stronger lubrication force during tumbling than its α=0.7 counterpart.
After separating stage, for α=0.7 P2 always settles fast than P1 and thus their distance is always increased. However, for α=1.0, each particle accelerates and decelerates alternately and consequently their distance also increases and decreases alternately (see Fig. 9(a) ). During the late period of tumbling, the settling velocities of two hot particles maintain identical but their X-direction velocities increase sharply. This phenomenon may stem from the fact that tumbling alters relative position of two hot particles from initial vertical arrangement to parallel arrangement. 
Heat transfer and size effects on the sedimentation of two non-isothermal particles
In this subsection, the effects of heat transfer on interaction of two non-identical particles settling in channel are investigated. Case 1, Case 2 and Case 3 represent two isothermal particles, two hot particles and two cold particles settling in channel, respectively. As pointed out by Ref. [12] , for the sedimentation of two isothermal particles with initial vertical position arrangement, there is no DKT process beyond a threshold size ratio. Here we study the effects of heat transfer on this threshold size ratio for the first time. Table 1 lists threshold size ratios αc for the three cases. As expect, the relationship among the three threshold size ratios is αc3 < αc1 < αc2 and their values increase orderly by about 0.1. Table 1 Heat transfer effects on threshold size ratio α c .
Cases
Threshold size ratios αc
Case 2 0.6~0.7
Case 3 0.4~0.5
Next we investigate heat transfer effects on the three cases with the same size ratio α. Size ratios α=0.7, 0.8, 1.0 are chosen for this investigation. Fig. 10 depicts comparisons of DKT processes among the three cases at various size ratios. Generally speaking, with particle size ratio α increasing, heat transfer effects on the DKT process will be weakened, especially for the case of two hot particles. As depicted in Fig. 10(a) , for Case 2 the upper particle slows due to buoyancy force and thus distance between two hot particles increases excessively during initial period.
Consequently the upper particle spends more time to catch up with the lower one in drafting stage. However, the lasting time of tumbling duration of the three cases are nearly same. During separating stage, repulsion process between two hot particles is weaker than two other cases. Illustrated by Fig. 10(b) and (c), after separating stage a distance decreasing process appears but no repeated DKT phenomenon happens. It is noted that the variations of DKT curve for Case 2 deviates substantially from other two cases. This indicates heat transfer produces strong effects on the interaction of two hot particles with low size ratios. Fig. 11 plots some instantaneous positions of two settling particles for the three cases. From Fig. 11(b) and (c), one can find that wall repulsion effect pushes the two particles to approach each other in horizontal direction. It is the reason why their distances are reduced for a period after separating stage (see Fig. 10 (b) and (c)). As shown in Fig. 10(a) and Fig. 11(a) , the velocity difference between two particles in settling direction leads to their distance increasing in separating stage. For the situation with size ratio α=1.0 shown in Fig. 11(c) , after separating stage their trajectories seem like "S" curves. It is also observed in Fig. 11 that against particle size ratio increasing heat transfer effects on the interaction between two non-isothermal particles become weak. 
Conclusion
The size ratio effects on the sedimentation of two spherical particles with heat transfer are investigated using LB-IB method for the first time. In this work three cases are investigated: (1) sedimentation of two isothermal particles, (2) sedimentation of two hot particles and (3) sedimentation of two cold particles.
Through our analysis, we can draw the following conclusions:
1) The size ratio effects on the DKT between two non-isothermal particles are significant. For two hot particles and two cold particles, tumbling duration is prolonged with the size ratio increasing, which is consistent with their isothermal counterpart. For all three cases, there is little difference of drag coefficient and Nusselt number between two non-identical particles when particle behaviors reach steady state.
2) The differences of threshold size ratio among the above three cases are significant. When the small particle is placed above the large one initially, the threshold size ratios for two cold particles, two isothermal particles and two hot particles are increased orderly.
3) Heat transfer produces a strong effect on the sedimentation of two hot particles with low particle size ratios. Moreover against particle size ratio increasing heat transfer effects on the interaction between two non-isothermal particles become weak.
